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Abstract 

We study non-supersymmetric solutions of five dimensional N = 2 supergravity the- 
ories coupled to an arbitrary number of abelian vector multiplets. The solutions 
constructed can be considered as deformations of known supersymmetric black hole 
and string solutions. General constraints coming from the analysis of the equations 
of motion are derived. These represent explicit conditions on the charges of the black 
holes and strings. The constraints are analyzed for theories where the scalar mani- 
folds are symmetric spaces and explicit solutions are constructed in cases where the 
prepotential of the theory factorizes into a linear and a quadratic term. 



1 Introduction 



In recent years great effort has been devoted towards the study and classification of 
super symmetric solutions of supergravity theories. In particular, in five dimensions, 
it has been possible to find a complete classification of supersymmetric solutions with 
various fractions of supersymmetry p]. The research in this domain is motivated by 
the fact that supersymmetric gravitational solutions play an important role in our 
understanding of the microscopic origin of entropy, stringy duality symmetries and the 
conjectured AdS/CFT correspondence. Though much is known about the structure 
of solutions preserving fractions of supersymmetry, the same can not be said about 
solutions breaking all of the supersymmetries. In this paper we are mainly interested 
in finding non-rotating non-supersymmetric black hole and string solutions in five 
dimensional supergravity coupled to abelian vector multiplets. Non supersymmetric 
solutions for these theories were first considered in [2] where an explicit solution was 
found for the so-called STU model with three independent electric charges. Our 
present work can be considered as an elaboration and an extension of the results 
found in [2]. We will find non-supersymmetric electrically charged black holes for 
the gauged and ungauged theories. We will also find magnetically charged string 
solutions in the ungauged theories. 

We organize our paper as follows. Section 2 contains a summary of the basic 
notions of N = 2, D = 5 supergravity and very special geometry which will be used 
in our subsequent analysis. In section 3 non-supersymmetric solutions are derived 
for all models of gauged and ungauged N = 2, D = 5 supergravity models, both 
the scalars and the gauge fields are expressed in terms of harmonic functions and 
the equations of motion are reduced to one constraint on these harmonic functions. 
Section 4 contains a similar analysis for the non-supersymmetric black string solutions 
of the ungauged theories. Section 5 contains a discussion on models with symmetric 
scalar manifolds where the constraints simplify and an explicit analysis is given for 
solutions where the prepotential factorizes into a linear and a quadratic term. The 
known solutions of the so called STU model are discussed within our analysis. Section 
6 summarizes our results. 

2 N = 2 Supergravity theory 

Here we review some of the basics of the theories of five dimensional N = 2 super- 
gravity coupled to abelian vectormultiplets. Such theories were first constructed in 
[3] to which the reader can be referred for detailed discussion. The bosonic action of 
the theory in terms of the so-called very special geometry was later given in [1]. A 
large class of the iV = 2, D = 5 models are obtained from the compactification of 
eleven dimensional supergravity, the low energy limit of M-theory, on a Calabi-Yau 
threefold [5]. The bosonic action of the N = 2 ungauged supergravity coupled to 
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abelian vector multiplets can be written as 

S = J LR* 1 - G Jl7 (F 1 A *F J + dX 1 A *dX J ) - ^CukF 1 A F J A A K J 

(2.1) 

where F 1 = dA 1 , where A 7 are the 1-forms representing the n Abelian gauge fields. In 
our analysis our metric has signature (— , +, +, +, +) . The scalars X 1 are constrained 
by the condition 

V(X) = 1 C IJK X I X J X K = XjX 1 = 1. (2.2) 

and thus can be regarded as being functions of n — 1 unconstrained scalars 0\ The 
coupling Gu depends on the scalars via 

9 1 K 

Gu = -XjXj — -CukX . (2.3) 

Contracting Gu with X J a.nd diX J , we arrive at the following useful equations 

G U X J = ^Xj , G u d t X J = —diXj . (2.4) 

where di = -J^. The bosonic part of the action of the corresponding [/(l)-gauged 
supergravity is given by (12.11) with an additional potential term x 2 W, where the scalar 
potential IA can be written as 

U = 9V I V J {X I X J - -G IJ ) (2.5) 

where Vj are constants. The scalar equations in the [/(l)-gauged theory can be 
written as 



V a V a Xj + {-Cmni ~ -XiCmnjX j )V ' a X M V a X N 
o 2 



— — ( XmX p Cmpt — —C 



--M^ ^NPI — ~^MNI 

2 \ o 



6XjX M X N + -XjCmnjX' 7 ^ F M p lf32 F N(3lf32 



- S X 2 V M V N (^-G ML G NP C LPI + Xj(G MN - 2X M X N )j = 0. (2.6) 
The Einstein equations are 

R„u = Gu (f'^FV + V,X T V U X J - ^F^F'A - \ X 2 9»M ( 2 -7) 
and the Maxwell gauge equations are given by 

d (G u * F J ) = -\CukF j A F k . (2.8) 
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3 Non-Supersymmetric Black Holes 

In this section we construct a class of non-supersymmetric black holes in both the 
gauged and the ungauged supergravity theories, we consider the gauged theory first. 
We take the following ansatz for the metric: 

ds 2 = -e~ iA fdt 2 + e 2A (^ + r 2 dnl k ) (3.1) 



/ 



where A = A(r), f = f(r) and 



dt? + sin 2 t(d6 2 + sin 2 8d(p 2 ) k = 1 

dQ 2 3k = { di 2 + t 2 (d6 2 + sin 2 9d(j) 2 ) k = (3.2) 



d£ 2 + sinh 2 £ (d6 2 + sin 2 9d<p 2 ) k = - 1 

corresponds to the metric on S 3 , R 3 or H 3 according as k = 1, k = ot k = —1. 
The non-vanishing Ricci tensor components are given by 

Ru = -fe- eA (4A"rf + AfA'r - rf" + UA'f - 3f) , 
Rrr = - (A" + 6A' 2 + 3-)-^- {-Af'A'r + rf" + 3/') , 



and 



r / 2rf 

= -f (3A'r + A"r 2 + 2) - f (A'r 2 + r) +2k (3.3) 

{sin 2 f % jfc = 1 

e % fc = (3.4) 

sinh 2 £% k = -l 

{sin 2 f sin 2 6> % fc = 1 

e 2 sin 2 ^% A; = (3.5) 

sinh 2 f sin 2 ^% k = -1 

The prime denotes differentiation with respect to the radial coordinate r. 

To proceed, we assume that the only non-vanishing component of the gauge field 
strengths is F 1 tr = F 1 tr {r), and that the scalars X 1 depend only on r. We take the 
following as an ansatz for the gauge fields 

Fl t = ^e~ 4A G IJ d r Hj, for k = 0, 1, (3.6) 
F*. = % -e- AA G IJ d r Hj, for k — — 1, (3.7) 



1 Note that in the case k = —1, we have complexified the gauge field strengths. Such solutions, 
strictly speaking, are not non-extremal solutions of the standard N = 2 supergravity. Rather, they 
are solutions of a modified theory, with a sign change in the Maxwell term in the action. 
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where Hj constitute a set of harmonic functions Hj = hj + %. Both the gauge field 
equations and the Bianchi identities hold without further constraint. 
Next consider the Einstein equations; these are equivalent to 



7 „, 8_ _ 8k . > , ., / I 



f" + zf + 3/ - ^ = -^X^VjVj ( -G /J - X T X J ) (3.8) 



and 



G?„J^F4 = e~* u (-3fA> - 3fA" + £■ - + f + 

\ 2 r 2r r z 



(3.9) 



and 



G IJ d r X I a r X J = - (3 A" + -A' + 6A' 2 ^j . (3.10) 

To satisfy these constraints, we adopt the same ansatz for the scalars as for the 
ungauged supersymmetric black hole solutions [6]: 

X I = ±e- 2A H I (r). (3.11) 

where Hj(r) are harmonic functions. This constraint is sufficient to ensure that (13.101) 
is satisfied. 
We set 

Hi = SVj + % (3.12) 
where 5 is a non-zero constant. Then (13. 8p can be rewritten as 

f" + 7 -f' + ^f-^= 9 -£((r 2 e° A r + I(rV»)' + 8e«) (3.13) 
This equation has 

f = k--^ + 9 -£r 2 e 6A (3.14) 

as a solution. The remaining condition (13. 9p from the Einstein equations is then 
equivalent to 



G IJ S U = (3.15) 



where 



Su = {Mj ~ kqiqj) - -fiS(qiVj + qjVi), for k = 0, 1, 

Su = - (qiqj - qiqj) -^{qiVj + qjVi), forfc = -i, (3.16) 

Lastly, we consider the scalar equation (12. 6p . It is straightforward but tedious to 
show that constraint (13.151) and the scalar equations are equivalent to the constraint 

/~i /-tML/tNTa I qvMq 1 1 V vM V~N q n (o 1 <7\ 

^MNI^ <5 LT + oA £>MI ~ VAJVjJV A OMN — U. {o.i.1 ) 
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We note that if we contract (13.171) with X 1 , then equation (13.15P is obtained 

For supersymmetric black holes with event horizon topology S 3 , we take /i = 0, 
k = 1 and Hj = Hj, and (13.171) is satisfied with Sjj = 0. However, for the deformed 
solutions with \i ^ 0, if Su = for all J, J then it is straightforward to show that 
there must exist constants a, (3 such that 

q I = aq I + (3V I (3.18) 

and furthermore qj and Vj must be linearly dependent. In order to find solutions for 
which the charges are not so strongly constrained, instead of solving Su = for all 
/, J, one must solve the weaker condition given by (13. 17ft . 

Finally, the non-supersymmetric black hole solutions of the ungauged theory are 
obtained by setting x = and k = 1 throughout the gauged solution. One minor 
subtlety is that for the gauged solutions, the asymptotic values of the harmonic func- 
tions Hj given in (13.121) are fixed (up to an overall scale) in terms of the constants Vi 
which appear in the construction of the theory. However, for the ungauged solutions, 
the constants Vj appearing in (13.121) are arbitrary. Setting /i = 0, one recovers the 
supersymmetric black hole solutions presented in P,[7j. 

4 Non-Supersymmetric Magnetic Strings 

In this section we construct non-supersymmetric black string solutions of the un- 
gauged theory. The metric is given by 

ds * = e -2B (_ fdt 2 + d ^ + e 4B ^2 + ^2 + r 2 ^2 ^ 

where B = B(r), f = f(r). The non- vanishing components of the Ricci tensor are 
given by 



6B r I rl D / / f\ -GB r2 ( U " i 



Ru = -e-^f [ f'B' -<-.-<-)- e-^f 2 [ B" + 

IB' 



R zz = e-^f'B' + fe~ w [B 
R, ,. ( 2B" + 6B' 2 -1^ + 11 + — + 4 



/ 2/ r rf / 
R e6 = -f (45V + 2B"r 2 + 1) - rf (2B'r + 1) + 1, 
R H> = R ee sm 2 9. (4.2) 

We also assume that the scalars X 1 depend only on r, and that the only non-zero 
components of the gauge field strengths are given by 

FL = a 1 sin 6 (4.3) 
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for constant a 1 . With these choices, the gauge field equations and Bianchi identities 
hold without further constraint. The Einstein equations (taking x = 0) then fix 

/ = 1 - - (4.4) 
r 

together with the constraints 

^Gua 1 ^ = -3 (f'B' + fB" + , (4.5) 

GudrX-'drX 1 = -3 \B" + 2B' 2 + . (4.6) 
To satisfy the constraint (14. 6 P we set 

X 1 = e-^H 1 (4.7) 

where 

H 1 = h 1 + — (4.8) 
r 

are harmonic functions. Then (14.51) can be rewritten as 

G U U IJ = (4.9) 

where 

U IJ = a T a J - q I q J - -nQfq 3 + h J q T ). (4.10) 

Finally, consider the scalar equations (I2.6P (with x = 0). It is straightforward to 
show that the scalar equations, together with (14. 9p are equivalent to 

19 \ M 

X M X Cnpi — -Cmni — -XiXmXn I U =0. (4-11) 

Again if we contract (14.111) with X 1 the condition (14.91) is obtained. Note that 
(14. lip can be rewritten entirely in terms of the harmonic functions H 1 as 

U y^MNhN'h^INNh^NUMsMfi ~ ~^ 'MN 1^ 'M 1 M 2 M 3 <^ -M 4 M 5 M 6 
— ^CiMiM 2 CMM:jM4CNM 5 M(^H Ml H M2 H Ma H Mi H M5 H Mb =0. (4-12) 

Clearly, one way to satisfy (I4.12p is to set JJ MN = for all M, N; however just as 
in the case of the black holes, this constraint is too restrictive on the charges. Finally, 
for /i = 0, one obtains the supersymmetric magnetic strings constructed in [8] 
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5 Explicit Solutions 



In this section, we shall construct solutions for the models related to Jordan algebras, 
i.e., models where the scalar manifold is a symmetric space. These theories were first 
constructed by Gunaydin, Sierra and Townsend [3] where it was shown that V are in 
one-to-one correspondence with the norm forms of Euclidean (formally real) Jordan 
algebras J of degree 3. The target spaces take the form 

-^ = ^44 (5-1) 
Aut (J) v ' 

Here Str (J) denotes the invariance group of the norm (reduced structure group) of 
the Jordan algebra J and Aut (J) is its automorphism group. Non-simple Jordan 
algebras of degree three are of the form M©r n , where T n is the Jordan algebra 
associated with a quadratic form. The corresponding symmetric scalar manifolds are 

In this case, V(X) is factorizable into a linear times a quadratic form in (n — 1) 
scalars, which for the positivity of the kinetic terms in the Lagrangian, must have a 
Minkowski metric. For Simple Euclidean Jordan algebras 1)3 (A) generated by 3 x 3 
Hermitian matrices over the four division algebras A = R, C, H, O, the corresponding 
spaces M. are, respectively: 

_ SL (3,R) SL (3,C) SU* (6) E 6( _ 26) 
SO (3) ' SU(3) ' USp(6)' F 4 ' 

For the simple Jordan algebras [9] , an element for the four families f)f can be written 
in the form 



L= \ z p x \ (5.3) 




where (a, /3,j) el and (x, y, z) 6 A. The cubic norm V is given by 

V = det L = af3j - (a \x\ 2 + [5 \y\ 2 + 7 \z\ 2 ) + 2 Re (xyz) (5.4) 
In all of these cases, the following constraints hold: 

(5.5) 
(5.6) 

(5.7) 

k (5.8) 



C IJK 


= 5 n '5 JJ '5 KK 'C rj , KI 


CukCji(lmCpq)k'5 jj 8 kk 


4 

= ^i(lCmpq), 


X 1 


9 rti jk v v 
— 2° -^J^K 


G IJ 


= 2X I X J - 6C IJK X 
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In the case of the black hole solutions, the constraint (13.171) can then be rewritten 

as 

(C IMN - 6X M C IJN Xj + X I X M X N ) S MN = (5.9) 

or equivalent ly 

c ( qM 1 M2M 3 qM4,M 5 M 6 ^jLMN \QM 1 M 2 MzrjNLM i (jMM 5 M 6 

MN \3Q 6 

+ ^ c L Ml M> C MM 3 M iC NM 5 M^ Hm^H^H^Hj^Hm, = 0. (5.10) 

Observe that this equation is identical (up to a trivial raising and lowering of indices) 
to that found for the black string solutions in (14.121) . This is also expected because 
of the duality symmetry discussed in [10] . Hence, it suffices to solve the equation 
( 15.1 Op . (or equivalently (15.91) ). These equations can be simplified slightly to give 

(^Cn h M 2 C AhMN C M ^ - 6fc NN ^ S MN H Nl H N2 = 0. (5.11) 

In principle, the constraints on the charges can be obtained by expanding this equa- 
tion in powers of r; however these constraints are highly non-linear and in general 
they do not appear tractable. 

To proceed, we consider the case when the pre-potential V factorizes into a linear 
times a quadratic form as 

V = l -X l (r] ab X a X b ) , a,b = 2,...,n (5.12) 

and r\ ab is a Minkowski metric on IR 1 '™ -2 .. 
Then we note the useful identities 

Vah X b = 9X a X x , X 1 = ^ ab X a X b , X a = 9X lV ab X b 

^i = ^ XaXa = \ n ab Xb=\x l X a . (5.13) 
It is then straightforward to show that the constraints (15. 9ft give the two conditions 

S n = 0, (5.14) 

and 

2X c V ab S bc -X a r, bc S bc = 0. (5.15) 

Note that the components Si a are not constrained by ( 15. 9ft . The constraint Sn = 
is equivalent to 



a/ fiSqiVi, for k = 0, 



Qi = \ Qi+ ftSqiVi, for k = 1, 



<?i = yq\ ~ A"fyi Vi, for k = -1, (5.16) 
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and (I5.15P is equivalent to 

{ 6V d + % ( 2r l Cd V ab ~ V ad V bc ) S bc = 0. (5.17) 
This gives two equations (for k = 0, 1) 

2V b q b q a - (2kV b q b + fi5V b V b )q a - (q% - kq b q b )V a = 

2q b Ma - (q b q b + kq b q b )q a - fi6q b q b V a = (5.18) 

where q a = r) ab q b , V a = r) ab V b , q a = r) ab q b . 

There are a number of cases to consider. In the first case, there exist A, a such 
that 

q a = \q a + (rV a , (5.19) 

then (I5.18P can be rewritten as 

2 (A 2 - k) V h q b + (2Aa - fx5) V b V b J q a + (o*V b V b - (A 2 - k) q b q b j V a = 

( (A 2 - k) q b q b - a 2 V b V b J q a + (2Xa - fi5) q b q b + 2a 2 V b q^j V a = (5.20) 

There are then two sub-cases. 

(i) a 2 V b V b - (A 2 - k)q b q b ^ 0. Then there exists 9 such that q a = 9V a for all a, 
where 

6>^0, V a V a ^0, 6 2 {X 2 -k)-a 2 ^0 

6 2 (X 2 — k) + 6(2Xa - /j,S) + a 2 = (5.21) 

(ii) a 2 V b V b — (A 2 — k)q b q b = 0. There are then four possibilities: 

1. q a = for all a with a = and V b V b ^ 0. 

2. V a = for all a with A 2 = k, 2Xa - fj,5 ^ 0, q b q b ^ 0. 

3. a 7^ with 

<M = -^^q b q b , V b V b = { *^q\. (5.22) 



2a 2 a 
4. a = with q b q b = and V 6 H = 2 ^^V b q b . 

One can also consider the case where V b q b = q b q b = 0. There are then two 
sub-cases: 



9 



1. If q b q b 7^ then there exists A such that V a = Xq a for all a. A is then fixed by 
{k + \/j6)q b q b + q b q b = 0, 

2. q a = for all a, and q a q a = 0. (Note that we cannot have both q a = and 
V a = for all a, as this would imply X a = for all a, in contradiction to the 
constraint X a X a = |). 

Similarly for the case of k — — 1, then equation (15.151) gives two equations 



2^<Ma + {-2V b q b + /^ 6 V 6 )g a - {q% ~ q b q b )V a = 

2q%q a + {-q b q b ~ q b q b )q a + ^q b q b V a = (5.23) 

and similarly there are a number of cases to consider. Again one can consider the 
case when 

q a = Xq a + aV a , (5.24) 

This gives 

^2 (A 2 - 1) V b q b + (fiS + 2aX) V b V b ^j q a -(^ (A 2 - l) q b q b - a 2 V b V b j V a = 

( (A 2 - 1) q b q b - a 2 V b V b ^j q a + (^2a 2 q b V b + (2Xa + fx5) q b q b ^j V a = (5.25) 
and as for the k = 0, 1, we consider two sub-cases. 

(i) (A 2 - 1) q b q b - a 2 V b V b ^ 0. Then there exists 9 such that q a = 6V a for all a, 
where 

6^0, V a V a ^ 0, 6> 2 (A 2 - 1) - a 2 ^ 
# 2 (A 2 - 1) + 6{2Xa + + a 2 = 

(ii) (A 2 — 1) — cr 2 V b V b = 0. Then we have four possibilities: 

1. q a = for all a with a = and 7^ 0. 

2. K = for all a with A 2 = 1, 2Aa + fi5 ^ 0, g 6 g 6 7^ 0. 

3. a 7^ with 



,6 



(2^) = (Al^l). (5 26) 

2cH (T 



4. a = with q b q b = and F 6 H = -'^^ L V h q b . 

Also we consider the case when V b q b = q b q b = 0. Then there are two sub-cases: 

1. If q b q b 7^ then there exists A such that V a = Xq a for all a. X is then fixed by 
q b q b + (l-Xfid) q b q b = 0, 
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2. q a = for all a, and q a q a = 0. 



It is instructive to see where the non-extremal STU black hole solutions of [2] fit 
into this scheme. For the STU model, we take X 1 = S, X 2 = T, X 3 = U with 

»**=(? J)- (5-27) 

The black hole solutions with spherical horizons correspond to setting \ = g, k = 1, 
5 = 3 with V 1 = V 2 = V 3 = \ and 

q a = /i sinh /3 a cosh /3 OJ g a = /x sinh 2 /3 a , a = 2, 3 (5.28) 

This solution corresponds to the case (15. 22ft with where a ^ and A; = 1. Consider 
the case for which (3 2 ^ /3 3 , one finds that 

Qa = Ma + aV a 

for a = 2, 3, with 

sinh /3 2 cosh /3 2 — sinh f3 3 cosh /3 3 
sinh 2 p\ — sinh 2 /3 3 

a 

For fc = 0, we have 



3/i ( — ^ — J (sinh /3 2 cosh /3 3 — sinh /3 3 cosh (3 2 ) ■ (5.29) 

\sinh f3 2 — sinh (3 3 J 



q a = /xsinh/3 a , q a = /isinh 2 /3 a , (5.30) 
In this case it is easy to verify that 

q~a = Ma + CrV a 

for a = 2, 3, with 

1 sinh j3 3 sinh (3 2 

^ — /-in • — t — 7T\ i a = 3/i , - ; — - — — . (5.31) 

(sinh p 2 + sinh p 3 ) sinh p 2 + sinh p 3 

This belongs to the class of solutions satisfying (15.22j) with k = 0. 
For k = —1, we have 

qj = —jj, sinh (3i cosh /?/, gj = — /isinh 2 /^/. (5.32) 

Then 

q a = Ma + crK 

for a = 2, 3, with 

sinh /?2 cosh /3 2 — sinh (3 3 cosh /3 3 



A 



sinh 2 f3 2 — sinh 2 (3 3 



a = — I ^ S „ ^4 — t~~ ) (sinh cosh (3 3 — sinh /3 3 cosh (3 2 ) (5.33) 



sinh /3 2 — sinh (3 3 
This belongs to the class of solutions satisfying ( 15. 26ft . 
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6 Discussion 



We have constructed non-supersymmetric solutions of five dimensional N = 2 su- 
pergravity theories coupled to an arbitrary number of abelian vector multiplets. The 
solutions constructed are deformations of known supersymmetric black hole and string 
solutions. The scalar fields have the same solution as in the supersymmetric cases. 
However, one has to solve extra conditions involving the various charges and the 
parameter /i. These conditions are given for the black holes and black strings, respec- 
tively by (I3.17P and (14.111) . However, for supergravity models with scalars living on 
symmetric spaces the condition (13 . 1 7p take a much simpler form given in (15. 9p which 
can also be obtained from ( 14.111) using the duality transformation discussed in [10J. 
We have studied the condition ( 15. 9j) for models where the prepotential factorizes into 
a linear and a quadratic form and derived various conditions for the existence of ex- 
plicit solutions. It is of interest to find more general non-supersymmetric solutions as 
deformations of known general supersymmetric ones. Our results can be generalized 
to other supergravity models and in particular to those in four dimensions. We hope 
to report on this in a future publication. 
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